A closed subgroup H of a topological group G is a ccs-subgroup if there is a continuous cross section from G/H to G -that is, a continuous function Γ such that
Introduction
For simplicity, and because our methods are applicable for the most part only to Abelian groups, all groups considered in this paper are Abelian. We note explicitly however, that all statements in Definition 4, Remark 5 and Section 2 make sense or are true without this restriction. Of course when G is not Abelian and its closed subgroup H is perhaps not normal, the quotient space G/H must be interpreted as (say) the space of left cosets topologized as usual.
Every group G can be equipped with its largest totally bounded group topology.
Also known as the Bohr topology of (discrete) G, this can be realized as the topology induced on G by the group Hom(G, T) of homomorphisms from G into the usual circle group T. Since Hom(G, T) separates points of G, the Bohr topology is a Hausdorff group topology and hence a Tychonoff topology.
Following van Douwen [14] , who initiated the first formal and extensive study of these groups qua topological spaces, we denote the group G in its Bohr topology by G # . For simplicity we call a topological group of the form G # a #-group, and we denote the class of all #-groups by the symbol #. Contributions to the theory of #-groups have been given by some of the present authors [9] , [27] , [28] , [4] , [3] with co-authors [8] , by Hart and van Mill [19] , and by Protasov [24] . It stretches the truth only slightly to assert that, except for the standing Abelian hypothesis, proofs in these articles (including [14] ) of results concerning #-groups make no use whatever of specific algebraic properties; the arguments turn strictly on combinatorics related to the cardinality of the groups in question. Indeed, van Douwen [13] The arguments of [23] and [11] This phenomenon led van Douwen [14] to pose also the following question.
Question 3 Is every subgroup H of a group
In the present paper we also contribute toward Question 3 by identifying large classes of groups which are retracts wherever they are embedded. Our approach is via the following definition.
Definition 4 Let H be a closed subgroup of a (not necessarily Abelian) topological group
G, and let π : G −→ G/H be the natural map.
(a) A continuous cross section for G/H is a continuous map Γ :
Remark 5 According to alternative common terminology, when Γ is a continuous cross give an example of a group which is not an absolute ccs-group(#) (as defined in the abstract).
A question from [14] closely related to Question 3, whether every closed subset of a countable group of the form G # is a retract, was solved in the negative by 
In some cases, the relation "is a ccs-subgroup of" is transitive. (see [25] (page 111)). Moreover, it is easily checked that Φ is a homeomorphism between both coset spaces when they are equipped with the corresponding quotient topologies.
(b) By hypothesis, there exist continuous cross sections Γ 1 : (K/H) −→ K and
for all gK ∈ G/K and gH ∈ G/H, respectively. Both maps are continuous by definition, and it is seen without difficulty that each satisfies the requirements to be a continuous cross section for
, and G/H, respectively.
3 ccs-subgroups in the #-topology 
such that π(x t ) = (0, t), and define f t :
The next two results are direct consequences from those in the previous section.
The first one shows that among Abelian groups with the #-topology, the relation "is a ccs-subgroup of" is transitive.
Proof: It is a direct consequence of Lemma 9 and the topological isomorphism
The following result gives the connection between van Douwen's retract problem (Question 3 above) and the existence of continuous cross sections.
Proof: It is a direct consequence of Theorem 8. Proof: Necessity is obvious in each case. For the sufficiency, let G be a group containing
Definition 15 (a) A topological group

H as a subgroup, and consider the inclusions H ⊆ div(H) and div(H) ⊆ div(G). In (a)
these are ccs inclusions, so by Corollary 13(b) there is a continuous cross section
We interpret Theorem 19 as a statement that the ccs property for groups is a topological variant of (algebraic) divisibility.
Corollary 20
The classes ACCS(#) and AR(#) are closed under finite products.
is as required; here we have used Remark 10(a), and the fact that a function into a product is continuous if its composition with each projection is continuous.
Corollary 21 Every finite cyclic group is a ccs-group.
Proof: Let H be cyclic with |H| = n; we realize H in the form
with addition in the group [0, 1) taken mod 1. 
Finitely generated groups are ccs-groups
This section is devoted to proving the result in its title. Every finitely generated group is a product of finitely many cyclic groups (cf. [20] is a Hausdorff totally bounded group; we refer the reader interested in this subject to the extensive bibliography in our article [4] . For present purposes, we specialize to the topological groups R, Q, and Q/Z. Of course when G is discrete we 
We next use the fact that, if G is a topological group, G becomes a group with operation defined pointwise: 
Similarly, let i : R −→ Q be the dual mapping associated to the injection i :
where R is endowed with its standard topology. That is, i is defined by i(γ)(q) := γ(i(q)) for all q ∈ Q and γ ∈ R:
Thus we have 
. 
Next let χ = i(t) ∈ i[ R] with t ∈ R. For ζ ∈ (Q/Z)
# we have
(χ • Γ)(ζ) = i(t)(Γ(ζ)).
Given that t is continuous on R +
, and that Γ = Φ is also continuous for Q
Lemma 23, we deduce that χ • Γ is continuous since always the # topologies are finer than the + topologies:
The proof is complete. 
We note next that some ccs-groups are neither divisible nor finitely generated. 
Theorem 31 AR(#) = AE(#).
Proof: Surely every topological group G ∈ AE(#) satisfies G ∈ AR(#): Given G a (closed) subgroup of K ∈ #, the identity function h := id G extends to a continuous functionh : For use below we record and adopt several notational devices from [23] .
Let q ∈ N \ {1}. Then Z q denotes the ring {0, 1, 2, · · · , q − 1}, with addition and multiplication mod q. by (the same) B, not necessarily of the same arity. If X = {X i : i < k} is one such system, and n i is the arity of X i , then we say that the system X is independent if
n i } is independent. As above, if X = {X i : i < k} and c ∈ Z q , then we define cX := {cX i : i < k}.
If X is a n-ary sequence indexed by B and A ⊆ B, then we define
If X is the system of sequences {X i : i < k} indexed by B
and A ⊆ B, we similarly define X A := {X i A : i < k}.
Finally assume that W is a m-ary sequence, X is a n-ary sequence, and both are indexed by B. We say that X is a simple derived sequence from W if n ≥ m, and for In all that follows we take for p a fixed prime and we set q := p 
Since y has order p and X is independent by (a), it follows that m i = pk i , 1 ≤ i ≤ q; therefore
It is clear that o(y) = p, so by (b) there is x ∈ X such that px = y. We define Our next result is a variation of Theorem 4.1 in [23] . We give only a sketch of the proof.
Theorem 34 Let p be a prime number and suppose that k is a multiple of p but not of
, and
Then Γ is not continuous.
Proof:
The strategy is to show that the continuity of Γ would imply the existence of j (0) with χ j ∈ Hom(M q , Z q ). Note that for each χ ∈ Hom(M q , Z q ) and each infinite I ⊆ ω, there is infinite S χ ⊆ I such that χ| {f n :n∈S χ } is constant, i.e., such that if n, l ∈ S χ , then χ(f n ) = χ(f l ). Repeating N -many times, we find a fixed infinite set S ⊆ ω such that each χ j (1 ≤ j ≤ N ) is constant on {f n : n ∈ S}; say χ j (f n ) = η j ∈ Z q for 1 ≤ j ≤ N . A.
Clearly p 2 (r(x)) = 3 for x ∈ A, but p 2 (0) = 0. Thus r is not continuous.
As the terms are commonly used in general topology, a homeomorph of a space X ∈ AR(Q) (for some class Q) is ipso facto in AR(Q). Somewhat whimsically, we ask the corresponding question for the class #. 
